A RECONSTRUCTION THEOREM FOR 
ALMOST-COMMUTATIVE SPECTRAL TRIPLES 



BRANIMIR CACIC 

Abstract. We propose an expansion of the definition of almost-commutative 
spectral triple that accommodates non-trivial fibrations and is stable under 
inner fluctuation of the metric, and then prove a reconstruction theorem for 
almost-commutative spectral triples under this definition as a simple conse- 
quence of Connes's reconstruction theorem for commutative spectral triples. 
Along the way, we weaken the orientability hypothesis in the reconstruction 
theorem for commutative spectral triples, and following Chakraborty and 
Mathai, prove a number of results concerning the stability of properties of 
spectral triples under suitable perturbation of the Dirac operator. 



1. Introduction 

The commutative GelTand-Nahnark theorem, which constructs a contravari- 
ant equivalence between the category of compact Hausdorff spaces and continuous 
maps, and the category of commutative unital C*-algebras and *-homomorphisms, 
has motivated the identification in noncommutative geometry of the category of 
C*-algebras as a category of noncommutative topological spaces. However, non- 
commutative geometers have not yet settled upon a category of noncommutative 
Riemannian manifolds. 

Nevertheless, Connes has proposed a candidate for the objects of such a category, 
motivated by the example of the Atiyah-Singer Dirac operator of a compact spin 
manifold: spectral triples |12j . On the one hand, every compact oriented Riemann- 
ian manifold can be seen to give rise to a spectral triple, for every such manifold M 
gives rise to symmetric Dirac-type operators on self-adjoint Clifford module bundles 
over M. On the other hand, after substantial attempts by Rennie and Varilly |39) . 
Connes proved 16 in 2008 the so-called reconstruction theorem for commutative 
spectral triples, a result conjectured by him in 1996 [14] that shows that a spectral 
triple with commutative algebra and satisfying certain conditions necessarily arises 
from a compact oriented Riemannian manifold. 

Soon after introducing spectral triples, Connes also introduced almost-commuta- 
tive spectral triples for the express purpose of reformulating the [classical held the- 
ory of the] Standard Model in noncommutative-geometric terms [MllII], a project 
that culminated in 2006 with the near-simultaneous papers by Barrett [1] and by 
Chamsedinne, Connes and Marcolli [10] (see also [E1[T8]). Such spectral triples 
are defined as the noncommutative-geometric Cartesian product of the canonical 
spectral triple of a compact spin manifold, the prototypical commutative spectral 

Date: June 28, 2012. 

2010 Mathematics Subject Classification. Primary 58B34; Secondary 46L87, 81T75. 
Key words and phrases. Noncommutative geometry, Spectral triple, Almost-commutative, 
Dirac-type operator. 



2 



BRANIMIR CACIC 



triple, with a finite spectral triple, namely, a spectral triple with finite-dimensional 
Hilbert space (see [H[3lJ[35] f° r the general theory, and [26H30] for classification 
results). 

In 2008, Connes suggested that a reconstruction theorem should be feasible for 
almost-commutative spectral triples as well |17j . In this paper, we prove just such a 
result, indeed, as a straightforward consequence of the reconstruction theorem for 
commutative spectral triples. However, this requires expanding the definition of 
almost-commutative spectral triples to include, roughly speaking, finite fibrations 
of commutative spectral triples, instead of only Cartesian products of commutative 
spectral triples with finite spectral triples. Indeed, we propose to define an almost- 
commutative spectral triple as a triple of the form (C°°(X, A), L 2 (X, H), D), where: 

• H is a (possibly Z/2Z-graded) self-adjoint Clifford module bundle over a 
compact oriented Riemannian manifold X; 

• D is a symmetric Dirac-type operator on H; 

• A is a real unital *-algebra sub-bundle of the bundle End^j^, (H) of even 
endomorphisms of H supercommuting with the Clifford action on H defined 
byD. 

This expanded definition still allows for all the familiar global-analytic tools for 
computing the spectral action on almost-commutative triples. Moreover, unlike the 
conventional definition, it is stable under inner fluctuations of the metric, and en- 
compasses a number of global-analytically defined spectral triples already discussed 
in the literature, for instance, by Zhang |43j and by Boeijink and van Suijlekom [4]. 

Along the way, we also show how to weaken the orientability hypothesis on the 
reconstruction theorem for commutative spectral triples, by only requiring that the 
action of the orientability Hochschild cycle anticommute with noncommutative 1- 
forms in the even-dimensional case, and commute with noncommutative 1-forms 
in the odd dimensional case. Moreover, following Chakraborty and Mathai [7], we 
provide proofs of a number of folkloric results on the stability of certain properties 
of spectral triples under suitable perturbation of the Dirac operator. 

The author would like to thank his advisor, Matilde Marcolli, for her extensive 
comments and for her advice, support and patience, Partha Sarathi Chakraborty 
and Nigel Higson for technical advice on some of the stability results, and Nikolai 
Ivankov, Helge Kriiger, Bram Mesland, Kevin Teh, Rafael Torres and Dapeng 
Zhang for helpful comments and conversations. The author also gratefully acknowl- 
edges the financial and administrative support of the Department of Mathematics 
of the California Institute of Technology, as well as the hospitality and support of 
the Max Planck Institute for Mathematics. 

2. Definitions and results 

In the following, we shall motivate and propose both concrete (i.e., global- 
analytic) and abstract (i.e., noncommutative-geometric) definitions of almost-com- 
mutative spectral triples, and then state and prove a reconstruction theorem for 
almost-commutative spectral triples, thereby establishing the equivalence of the 
concrete and abstract definitions. 

2.1. Dirac-type operators. Let us first recall a few definitions and facts from 
the theory of Dirac-type operators, mostly to establish notation and terminology; 
for a full account, see [2j §§ 3.1-3; [23l Chapter 5, §§ 9.1-3]. Throughout, we shall 



ALMOST-COMMUTATIVE SPECTRAL TRIPLES 



3 



use the conventions of super-linear algebra p, § 1.3]. Thus, if H is a Z/2Z-graded 
vector bundle, we consider End(i?) as Z/2Z-graded as well, and we shall consider 
the Z/2Z- graded tensor product of Z/2Z-graded vector bundles and operators on 
them, which we denote by eg). If a vector bundle is not explicitly Z/2Z-graded, as 
shall often be the case, we consider it as trivially Z/2Z-graded. 

Now recall that, given a Riemannian manifold (A, g), one can define the Clifford 
bundle C1(A) of (X, g) and thus consider Clifford module bundles over (X, g); in 
particular, a Clifford module bundle is self-adjoint if it is Hermitian as a vector 
bundle, and if 1-forms act as skew-symmetric bundle endomorphisms. If H is a 
self-adjoint Clifford module bundle, we can define the unital *-algebra sub-bundle 
End^^ (H) of End(-ff ) whose sections are those even bundle endomorphisms that 
supercommute (and thus commute) with the Clifford action on H . 

At last, we can recall the following definition, which will be central to our dis- 
cussion of almost-commutative spectral triples: 

Definition 2.1. Let E be a Clifford module bundle over a Riemannian manifold 
(X, g). A Dirac-type operator on E is a first-order differential operator on E such 
that 

[D,f]=c(df), f£C°°(M), 
where c : C1(M) — > End(-E) denotes the Clifford action on E. 

For more on Dirac-type operators, see the monographs by Roe [40] and by 
Berline, Getzler and Vergne (2] , as well as the notes by Roepstorff and Vehns [4T|l42) . 
Note that [2] and [4T||42] consider only odd Dirac-type operators on Z/2Z- graded 
Clifford module bundles, a restriction that is unnecessary for our purposes. 

2.2. Almost-commutative spectral triples. In order to motivate our new def- 
initions, let us recall the conventional definition of almost-commutative spectral 
triple, or, for convenience, product almost- commutative spectral triples. 

Let A be a compact spin manifold with fixed spinor bundle S and corresponding 
Atiyah-Singer Dirac operator 0, and let F := (Af,"Hf, Dp) be a finite spectral 
triple, that is, a spectral triple with finite-dimensional Hilbert space Hf- If A is 
even-dimensional, view L 2 (X, S) as Z/2Z-graded by the chirality operator, so that 
C°°(A) acts on L 2 (X,S) by even operators, and Jfi is an odd operator. One can 
therefore define the noncommutative-geometric Cartesian product of A and F by 

A x F := (C°°(X)&Af, L 2 (X, S)®H f , #®1 + 1®D F ); 
a product almost-commutative spectral triple, then, is a spectral triple of this form. 

Remark 2.2. Note that this definition is not stable under inner fluctuations of the 
metric, for if M — X)"=i a i[D, for non-constant aj, &i € C°°(A) <g> Af, then M 
is generally not of the form 1<E)T for some constant T £ B(Hf)- 

Now, viewing X xT-Lf as a globally trivial Z/2Z-graded Hermitian vector bundle, 
and A x Af as globally trivial unital *-algebra bundle, indeed, as a real unital *- 
algebra sub-bundle of End + (A x Hp), define a self- adjoint Clifford module bundle 
H and a *-algebra subbundle A of Endjj/^ (H) by 

H := S®(X xH F ), A:= L®{X x Af), 
where L is the trivial real unital *-algebra sub-bundle of End + (5) defined by L x :— 
Mls„. Finally, let D = lp X xH F + 1<8)-Df, where rf> X xu F ^ s ^ e twisted Dirac 
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operator on the twisted spinor bundle H corresponding to the trivial connection on 
X x Hf- Then D is a symmetric Dirac-type operator on the self-adjoint Clifford 
module bundle H, and A is a ^-algebra subbundle of Endjj^(-ff), such that 

X x F = (C°°(X,A),L 2 {X,H),D). 

On the other hand, suppose that X is a compact oriented Riemannian manifold, 
H is a self-adjoint Clifford module bundle over X, A is a unital *-algebra sub-bundle 
of EndJ^ X ) (H ) , and D is a symmetric Dirac-type operator on H. Then by standard 
analytic results about Dirac-type operators [211 Theorem 3.23], together with the 
fact that sections of A are even bundle endomorphisms supercommuting with the 
Clifford action H, so that [D,a] is a bundle endomorphism for all a € C°°(X, A), 
(C°°(M, A), L 2 (M, H), D) is a spectral triple of metric dimension dimX. Thus, we 
may sensibly generalise the conventional definition of almost-commutative spectral 
triple as follows: 

Definition 2.3. An almost- commutative spectral triple is a spectral triple of the 
form (C°°(X, A), L 2 (X, H), D), where X is a compact oriented Riemannian man- 
ifold, H is a self-adjoint Clifford module bundle, A is a real unital *-algebra sub- 
bundle of EndJ^ x -j(i/), and I? is a symmetric Dirac-type operator on H . 

Remark 2.4. This definition is stable under inner fluctuation of the metric, for a 
perturbation of a symmetric Dirac-type operator by a symmetric bundle endomor- 
phism is a symmetric Dirac-type operator inducing the same Clifford action. 

Since the square of a Dirac-type operator is a generalised Laplacian, this defini- 
tion manifestly lends itself to the perturbative computation of the spectral action [8] 
via heat kernel methods [22] (see [20] for a comprehensive account for product 
almost-commutative spectral triples). Another feature of this definition is that it 
encompasses non-trivial "fibrations" in the following sense: 

Lemma 2.5. Let X and F be as above. Let G be a compact Lie group, and let p 
be an action of G on F, namely, a unitary representation of G on Hp such that 
for each g £ G, p{g)App{g)* C Af, and p(g)DFp{g)* = Dp; if F is even, we 
moreover require the action of G to commute with the 1/21,- grading. Let V be a 
principal G-bundle over X , and let V70 be a connection on V. Define H and A by 

H := S<E>(V x p H F ), A := L®{V x p A F ), 

where L is defined as above, and let D = lp-p Xp - HF + l®Dp, where lp-p Xp - HF is 
the twisted Dirac operator on the twisted spinor bundle H corresponding to the 
connection on V x p Hp induced by V-p. Then 

X x (VtVv) F := (C°°(X, A),L 2 (X, H), D) 

is an almost-commutative spectral triple. 

Proof, ft follows immediately that (C°°(A), L 2 (X, H), D) is at least an almost- 
commutative spectral triple. However, since 

C°°(X,A) = 1<§C°°{X,V x P Ap), 

sections of A are even bundle endomorphisms supercommuting with the Clifford ac- 
tion on H, so that (C°°(X, A),L 2 (X, H), D) is also an almost-commutative spectral 
triple. □ 
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We can view X Xjp^p) F as the product of X and F twisted by (P,Vp); a 
concrete example of this construction has already been studied in detail by Boeijink 
and van Suijlekom [3] in connection with Yang-Mills theory. It is also worth noting 
that the data {V XpT-lp, V-p, Dp) can be viewed as defining a non-trivial morphism 
X X(p.Vp) F — >• X in the category of spectral triples proposed by Mesland [321134] . 

2.3. Abstract almost-commutative spectral triples. Now, we shall give an 
abstract definition of almost-commutative spectral triple, which shall depend upon 
an abstract definition of commutative spectral triple, identical to that proposed by 
Connes [14, 16 , except for a weakening of the orientability condition. 
Before continuing, it is worth recalling the following: 

Definition 2.6. A spectral triple (A,H,D) is called regular if A + [D,A] C 
HfeDomiS^ for for the derivation S : T i— > [\D\ , T] on B(H), and is called strongly 
regular if, in addition, End_4(n/c DomD') C Ok Dom ^. 

Now, let (C°°(X, A), L 2 (X, H), D) be an almost-commutative spectral triple. 
We may just as well consider it as being composed of two pieces: 

(1) An almost-commutative spectral triple (C°°(X), L 2 (X, H), D) with com- 
mutative algebra. 

(2) A real unital *-algebra sub-bundle of EndJ 1( - X j (H). 

In order to obtain an abstract definition of almost-commutative spectral triple, it 
therefore suffices to translate these two components into the language of noncom- 
mutative geometry. 

Let us first consider the first component, namely, an almost-commutative spec- 
tral triple of the form (C°°(X), L 2 {X, H), D), where H is a self-adjoint Clifford 
module bundle over a compact orientable Riemannian manifold X , and D is a sym- 
metric Dirac-type operator on H. We have already seen that (C°° (X), L 2 (X, H), D) 
is a spectral triple of metric dimension dimX; that it is in fact strongly regular 
follows from [16l proof of Theorem 11.4]. Still more is true — one can check that it 
satisfies the following definition, very slightly modified, as mentioned above, from 
a definition of Connes 's pT[[T6]: 

Definition 2.7. Let (A,H,D) be a strongly regular spectral triple of metric di- 
mension p 6 N, such that A is commutative. We call (A,H,D) a commutative 
spectral triple if the following conditions hold: 

(1) Order one: For any a, b € A, [[D, a],b] = 0. 

(2) Pre-orientability: There exists an antisymmetric Hochschild p-cycle c € 
Z p (A,A) such that \ = ttd(c) is a self-adjoint unitary on H satisfying 
a X — X a an d [D, a]x = (— l) p+1 x[-D, a] for all a E A. 

(3) Finiteness: One has that W°° := n m DomD m is finitely generated and 
projective as a „4-module. 

(4) Absolute continuity: The .A-module T-L°° admits a Hermitian structure 
(•, •) defined by the equality (£, a-q) (£, rj) \D\~ P for a € A, £, Tj e H°°. 

Moreover, if p is even and {D, x} = 0, or if p is odd and x = 1, then we shall call 
(A,H,D) orientable. 

Remark 2.8. When dealing with a commutative spectral triple (.4,%, D), we may 
assume without loss of generality that A is a complex *-subalgebra of B(H), by 
replacing A with A + iA C B(H) in the case that A is only a real *-subalgebra of 
B{H). 
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Indeed, in the case of (C°°(X), L 2 (X, H),D): 

(1) The order one condition follows precisely since D is a first-order differential 
operator. 

(2) Pre-orientability follows from [THl proof of Theorem 11.4], where the Hoch- 
schild cycle c is constructed from the volume form on X, and thus acts as 
the chirality operator. 

(3) Finiteness follows since fl m Dom £) m = C°° (X, H), which in turn follows 
from Sobolev theory applied to the elliptic operator D. 

(4) Absolute continuity follows from the Connes trace formula [TT] applied to 
pseudodifferential operators on the Hermitian vector bundle H of the form 
a \D\~ n , where a G C°°(X) (see [22 § 9.4; 112 Chapter 8] for details). 

Although pre-orientability is an immediate consequence of orientability, it is a 
strictly weaker condition. Indeed, our spectral triple(C°°(X), L 2 (X, H), D) need 
not be orientable, as Connes assumed and as indeed holds for the canonical spec- 
tral triple (C°°(N), L 2 (N, S),J0) of a compact spin manifold N with spinor bundle 
S. In the case of such an even-dimensional compact spin manifold N, if E is a non- 
trivially Z/2Z-graded Hermitian vector bundle over N, and if lf> E is the twisted 
Dirac operator on S®E corresponding to any self-adjoint superconnection on E, 
then (C°°(N),L 2 (N,S<E)E),lp E ) is not orientable, for any Hochschild p-cycle will 
act on S®E by a bundle endomorphism of the form 

T®1 G C° (N,End(S))«iC° (N ) Ead(E)) = C°°(7V, End{S<S>E)) 

with T even, so that it cannot distinguish between S<E)E + and S<S>E~, and thus 
cannot act as the Z/2Z-grading on S®E. In the case of an odd-dimensional compact 
oriented Rlemannian manifold TV, one can readily construct self-adjoint Clifford 
module bundles H — > N such that the chirality operator (and thus any other 
non-trivial action of a Hochschild p-cycle) defines a non-trivial Z/2Z-grading on 
H [331 §11.5; [361 §8]. Now, our spectral triple (C°°(X), L 2 {X, H),D) has one further 
property, precisely because D is a Dirac-type operator on the self-adjoint Clifford 
module bundle H . Since the Clifford action on H is given by 

df^[D,f], feC°°(X), 

it follows, in particular, that 

V/ e C°°(X), [DJ] 2 = -g(df,df) e C°°{X). 

Hence, (C°°(X), L 2 (X, H), D) satisfies the following: 

Definition 2.9. Let (A, H, D) be a commutative spectral triple of metric dimension 
p. If 

Va G A, [D,a] 2 eA, 
then we shall say that (^4, %, D) is of Dirac type. 

Remark 2.10. The above definition, which makes sense even in the case of a non- 
commutative real spectral triple, is already fairly suggestive of the global-analytic 
definition of Dirac-type operator, and moreover lends itself to the following restate- 
ment. Let (A,H,D) be a commutative spectral triple, let H°° — DkDom D k , and 
let Hi(A, A) be the first Hochschild homology group of A as a ,4-bimodule. By 
the order one condition and strong regularity, one can therefore define, as it were, 
a generalised symbol map au ■ H 1 (A,A) — > End^('H 00 ) C B(%) by 

o"d([oo ® a\]) := a [D, a\\. 
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Then (A, H,D) is of Dirac type if and only if 

WrjeH^A), a D (n) 2 eA, 

a condition that is rather suggestive not only of the definition of Dirac-type oper- 
ator, but also of the closely related i^-theoretic notion of Clifford symbol. 

Remark 2.11. By the proof of Corollary 12.191 together with [23j Lemma 11.6], it 
also follows that we could have equivalently defined that a commutative spectral 
triple (A,H,D) is of Dirac type whenever the *-subalgebra of B(H) generated by 

A + [-0,-4] if (A,H, D) has even metric dimension, 

A + [D, A] [D, A] if (A,H, D) has odd metric dimension, 

has centre A. This alternative definition can be viewed as a direct translation of 
the fact that if X is a compact oriented Riemannian manifold, then C1(X), the 
complcxification of C1(X) if dim X is even, and the complcxification of C1 + (X) if 
dimX is odd, is a complex unital ^-algebra bundle with fibre Md; m x(C). 

Remark 2.12. Ignoring real structures, Gracia-Bondi'a-Varilly-Figueroa define |23l 
Definition 11.2] an irreducible commutative spectral triple as a commutative spec- 
tral triple (AjH, D) such that no non-trivial projection in B(H) commutes with A, 
D, and 7Td(c). The discussion of 23, § 11.3] implies that an irreducible commuta- 
tive spectral triple is, in particular, of Dirac type. However, being of Dirac type is 
a strictly weaker condition, for if H — > X is a self-adjoint Clifford module bundle 
over X compact oriented Riemannian but disconnected, and if D is a symmetric 
Dirac-type operator on H, then (C°° (X) , L 2 (X , H) , D) is of Dirac type, but not 
irreducible. 

Let us now turn to the second component of an almost-commutative spectral 
triple, the real unital *-algebra bundle A. In order to translate this datum into 
noncommutative-geometric terms, we will need some sort of Serre-Swan-type result 
for such bundles, or more precisely, for bundles of finite-dimensional C*-algebras. 
It turns out that such a result does indeed exist, but requires a slightly weaker 
notion of algebra bundle than the one we would like to use: 

Definition 2.13 (cf. 4, Definition 3.1]). Let I = R or C. An weak algebra 
bundle is an K-vector bundle A — > X together with morphism of vector bundles 
H : A ® A — > A covering idx such that 

fi o (id^ (g)/x) = fi o (jit (g) \& A ) , 

thereby inducing an K-algebra structure on each fibre; (^4, pi) is called unital if there 
exists I A € C°°(X, A) such that for all £ e C°°(X,A), 

If, moreover, there exists a conjugate-linear vector bundle endomorphism J of A — > 
X such that J 2 = 1, inducing the structure of a *-algebra on each fibre, then 
A — > X is called involutive. 

One can define categories of [unital] [involutive] weak algebra bundles, by defining 
a morphism of weak algebra bundles to be vector bundle morphism T : (A — > X) — > 
(B — > X) covering idx such that 

T o n A = n B o (T <g> T) , 
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thereby inducing algebra homomorphisms T x : A x — > B x on the fibres; unital and 
involutive morphisms are defined in the analogous way. Finally, one can define a 
weak algebra sub-bundle of a weak algebra bundle (A, (ia) — ► X to be a sub-bundle 
B — >• X of A such that ha{B <£) B) C B, so that /iyi restricts to a weak algebra 
bundle structure on B; again, unital and involutive weak algebra sub-bundles are 
defined in the analogous way. 

Remark 2.14. Every [unital] [*-] algebra bundle is a [unital] [involutive] weak al- 
gebra bundle, but not every [unital] [involutive] weak algebra bundle is a[n] [uni- 
tal] [*-] algebra bundle, that is, a locally trivial bundle of finite-dimensional unital 
[C*-] algebras, for different fibres need not be isomorphic as [unital] [*-] algebras. 
However, a weak [unital] [involutive] algebra sub-bundle of a[n] [unital] [*-]algebra 
bundle is necessarily a[n] [unital] [*-] algebra sub-bundle; since we will always be 
dealing with unital involutive weak algebra subbundles of the endomorphism bun- 
dles of Hermitian vector bundles, the difference between weak algebra bundle and 
algebra bundle will not affect us anywhere. 

Now that we have our weakened notion of algebra bundle, we can state the 
Serre-Swan theorem for weak algebra bundles, recently proved by Boeijink and van 
Suijlekom: 

Theorem 2.15 (Serre-Swan for weak algebra bundles [4[ Theorem 3.8]). The map 

A -> C°°(X,A) 

defines an equivalence of categories between the category of [unital] [involutive] weak 
"K-algebra bundles and the category of [unital] finitely-generated C°°(X,K.) -module 
[*-]algebras over K. 

We can now proceed to characterise our real unital *-algebra bundle A, or rather, 
the finitely-generated projective C°°(X, R)-module *-algebra C°°(X, A), as follows. 
First, by Theorem 12.151 A — > X is a unital *-algebra sub-bundle of End(-ff) if and 
only if C°°(X, A) is a finitely-generated projective sub-C°°(X)-module *-algebra of 
C°°(X, End(.E)) = End c =o (X ) (C°°(X, H)); in the even (Z/2Z-graded) case, we need 
simply specify in addition that C°°(X, A) consists of even operators. Given this, 
A — >• X is a unital *-algebra sub-bundle of End (H) if and only if every section 
of A supercommutes with the Clifford action, if and only if for all a £ C°° (X, A) , 

b£C°°{X), 

= [c{db),a] = [[£>,&], a]. 

Thus, we may characterise C°°(X, A) as an even finitely-generated projective sub- 
C°°(X, R)-module *-algebra of End C oc (x) (C°°(X, H)), satisfying the following gen- 
eralised order-one condition: 

Va£C 0C (X,A)b£C 0O (X), [[D,b], a] = 0. 

Putting everything together, we therefore see that an almost-commutative spec- 
tral triple (C°°(X, A), L 2 (X, H), D) satisfies the following abstract definition: 

Definition 2.16. Let (AjHjD) be a spectral triple, and let B be a central unital 
*-subalgebra of A. We call (A,T-l,D) an abstract almost-commutative spectral triple 
with base B if the following three conditions hold: 

(1) (B, H, D) is a commutative spectral triple of Dirac type. 
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(2) A is an even finitely generated projective S-module *-subalgebra of the 
algebra Ends+^-H 00 ), for H°° = n fceN DomL> fc . 

(3) For all a G A, b G B, [[D, b], a] = 0. 

2.4. Reconstruction theorems. We can now finally state our reconstruction the- 
orem for almost-commutative spectral triples, which establishes the equivalence of 
our two definitions: 

Theorem 2.17. Let (A,H,D) be a spectral triple, and let B be a central unital *- 
subalgebra of A. Then (A,H,D) is an abstract almost- commutative spectral triple 
with base B if and only if it is an almost-commutative spectral triple, that is, if 
and only if there exist a compact oriented Riemannian manifold X , a self-adjoint 
Clifford module bundle H over X, and a real unital *-algebra sub-bundle A of 
End£ 1(Jf) (iO, such that B = C°°(X), A = C°°(X, A), H = L 2 (X, H), and D is an 
essentially self-adjoint Dirac-type operator on H . 

Since every abstract almost-commutative spectral triple is built on a commuta- 
tive spectral triple, one would expect that our reconstruction theorem is a conse- 
quence of the following result, conjectured by Connes in 1996 [T3] and finally proved 
by him in 2008 [15] : 

Theorem 2.18 (Reconstruction Theorem [T6J Theorem 11.3]). Let (A,H,D) be 
an orientable commutative spectral triple of metric dimension p. Then there exists 
a smooth compact oriented p-manifold X such that A = C°°(X). 

This is indeed the case, but we must first find a way to weaken the orientabil- 
ity hypothesis to a pre-orientability hypothesis; we shall also find it useful to ex- 
tract more information out of the reconstruction theorem for commutative spec- 
tral triples. Indeed, we have the following, which also incorporates the results 
of [231 Chapter 11]: 

Corollary 2.19. Let (A,T-L,D) be a commutative spectral triple of metric dimen- 
sion p. Then there exists a smooth compact oriented p-manifold X and a Hermitian 
vector bundle H over X such that A = C°°(X), T-L = L 2 (X, H), and D is an essen- 
tially self-adjoint first-order differential operator on H. Moreover, if (A,TL,D) is 
of Dirac type, then H is a self-adjoint Clifford module bundle and D is a Dirac-type 
operator. 

N.B. In the following proof, we will use several technical results on the stability 
of certain properties of spectral triples under suitable perturbation of the Dirac 
operator found in the appendix. 

Proof. First, suppose that p is even. Now, on TL°° = nfeDomD fc , we can write 
D = D Q + M for D = \[D,\\x and M = \{D,x}x- By direct computation 
and strong regularity, one finds that M G End^i('H 00 ) C B(TL) and is self-adjoint. 
Hence, (A,TL, Do) is a spectral triple by Lemma IA.1[ and is of metric dimension 
p by Lemma EH Since D\ - D 2 = -MD - D M = -\{D 2 - xD 2 x) on U°° , 
[Do — D 2 , T] G T>k+i for any T G T>k, where T> is the extended algebra of differential 
operators for (A,TL,D) (sec Definition IA.4[) . Hence, by Lemma fA.8[ (A,H,Do) is 
strongly regular. We can now check the other axioms for a commutative spectral 
triple in turn: 

(1) Since M commutes with A, the order one condition continues to hold. 



10 



BRANIMIR CACIC 



(2) Again, since M commutes with A, pre-orientability continues to hold with 
the same c and X , an d {Dq, X } = by construction of Do, yielding ori- 
entability. 

(3) Since (A,H,D) is strongly regular and since M G Endj\(H°°), Corol- 
lary IA.6I allows us to apply Lemma IA.3I and conclude that 

: = nfeDomD* = n k T>omD%, 

so that hniteness continues to hold. 

(4) Since M G Endj l (H QC ), it follows that absolute continuity continues to hold 
by Lemma[O0l with^T|L>p p = jT\D \~ p for all T G B(H). 

Thus, (A, H,Do) is indeed an orientable commutative spectral triple, so that we 
may apply the Reconstruction Theorem to (A,H, Do) to obtain X. 
Now, suppose that p is odd. Write D = Do + M for 

D :=\{D + X D X ), M :=\{D- X D X ). 

Since X commutes with elements of ]-D,.A], M commutes with A, and hence M 
is a self-adjoint clement of End^('H 00 ). The argument for the even case, mutatis 
mutandis, then shows that (A, %, D ) is still a commutative spectral triple of metric 
dimension p, with 7Td (c) = ttd(c) — X and Dq X — X Dq. In particular, since X 
commutes with Do and with all elements of A, D\ — X Do is a self-adjoint operator 
on % satisfying D\ = D\ and [£>i,o] = x[-Dch a ] f° r au a E A. Because of this, 
all the axioms for a commutative spectral triple of metric dimension p immediately 
follow for (A,l-L, Di) except for pre-orientability, but even then, since p is odd, 
tt_Di(c) = X Pr KD a {c) = X p+1 = 1) so that {A,%, D\) is, in fact, orientable. Hence, 
we may apply the Reconstruction Theorem to (A, T-l,Di) to obtain X. 

Now, by the Serre-Swan theorem, there exists a smooth vector bundle H on 
M such that W°° = C°°(X,H), so that the Hermitian structure on T-L°° induces a 
Hermitian structure on the vector bundle H. Moreover, by [23l §11.2, Proposition 
11.5] and our argument above concerning stability of absolute continuity, we have 
that 

V/GC°°(A), jf\D\- p = J fdv, 

where dv is a constant multiple of the volume form on X, so that, in particular, 
% = L 2 \X , H ', dv) . Finally, by the order one condition [23] p. 501], D is indeed an 
essentially self-adjoint first-order differential operator on H . 

At last, suppose in addition that (A,T-L,D) is of Dirac type. By this assump- 
tion and the order one condition, we can define a positive semi-definite R-valued 
quadratic form Q on T*M by 

Q(df) ■= -[D,f] 2 , feC°°(X,R). 

Thus, in order to construct a Riemannian metric, with respect to which df i— > [D, f] 
defines a self-adjoint Clifford action on H making D into a Dirac-type operator on 
H, it suffices to show that Q is non-degenerate. However, by [23l p. 504], mutatis 
mutandis, pre-orientability of (A, H,D) implies that Q is indeed non-degenerate, 
and therefore yields the required Riemannian metric. □ 

At last, we can prove our reconstruction theorem: 
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Proof of Theorem \2.17\ By our discussion in § I2.3[ it suffices to prove the forward 
direction. Hence, let (A,H,D) is an abstract almost-commutative spectral triple 
with base B and metric dimension p. 

First, by Corollary 12.191 applied to (B,H,D), there exist a compact oriented 
Riemannian p-manifold X and a self-adjoint Clifford module bundle H over X such 
that B = C°°(X), H = L 2 (X,H), and D is an essentially self-adjoint Dirac-type 
operator on H. 

Next, condition (2) for almost-commutative spectral triples, together with The- 
orem 12.151 implies that A — C°° (X, A) for A a real unital involutive weak algebra 
bundle over X . 

Finally, condition (3) for almost-commutative spectral triples, together with the 
fact that D is a Dirac-type operator on the Clifford module bundle H, implies 
that A can be identified as a real unital *-algebra sub-bundle of Endjj^ (if), as 
required. □ 



3. Next steps 

As we have seen, we can obtain a reconstruction theorem for almost-commutative 
spectral triples, indeed as a consequence of Connes's reconstruction theorem for 
commutative spectral triples, but only by expanding the definition of almost-com- 
mutative spectral triples. This generalisation does come with some advantages, 
though. 

On the one hand, our definition naturally accommodates non-trivial finite "fi- 
brations" of spectral triples, examples of which have already appeared in the lit- 
erature ptj. If product almost-commutative spectral triples offer the simplest non- 
trivial example of a product of spectral triples (even if we do not yet have a standard 
category of spectral triples), then perhaps the "twisted products" of Section [2~2l 
might be seen as the simplest non-trivial examples of a non-trivial fibration with 
fixed fibre in a candidate category of spectral triples, whilst inner fluctuations of 
the metric of such almost-commutative spectral triples might be seen as giving ex- 
amples of more slightly general fibrations. Certainly, as we have observed above, 
given a compact spin manifold X, a finite spectral triple F, and twisted product 
X X(p Vp ) F of X and F, there is an obvious morphism X X(-p jVp \ F — > X in 
the f^i^-theoretic category proposed by Mesland [32j[34j . The significance of this 
example in defining fibrations in Mesland's category, however, remains to be seen. 

On the other hand, our definition is manifestly global-analytic, based emphat- 
ically on the theory of Dirac-type operators, and is stable under inner fluctua- 
tion of the metric. As such, it lends itself readily to a very general study of 
the perturbative spectral action on almost-commutative spectral triples, using all 
of the global-analytic computational techniques used thus far on product almost- 
commutative spectral triples [20] . It also lends itself to the systematic use of super- 
connections, whose relevance to the study of Dirac-type operators has been estab- 
lished by the monograph of Berline-Getzler-Vergne 2 ; indeed, the use of supercon- 
nections in understanding (and even formulating) the noncommutative geometric 
Standard Model was already proposed by Figueroa-Gracia-Bondia-Lizzi-Varilly 
in 1998 [21]. However, a full understanding of the perturbative spectral action 
on almost-commutative spectral triples will require the systematic study of real 
structures on such spectral triples. 
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Finally, the global analytic nature of our definition implies that AA-thcoretic 
aspects of almost-commutative spectral triples can be studied in particular detail. 
Such work has already been undertaken by Zhang for a specific class of almost- 
commutative spectral triples he calls projective spectral triples |43) . 



Appendix A. Stability results 

In this appendix, we provide proofs of the stability results needed to prove Corol- 
lary [2Jjll and hence Theorem 12. 171 Our account generally follows that of [7]. 

In what follows, let (A,H,D) be a spectral triple, let M £ B(H) be self-adjoint, 
and let Dm = D + M . Before continuing, let us prove the following basic stability 
result: 

Lemma A.l (0 Lemma 2.1, Proposition 2.2]). One has that (A,H, Dm) is a 
spectral triple. 

Proof. First, by the Kato-Rellich theorem [37J Theorem X.12], Dm is self-adjoint 
on DohiUm = DomD and essentially self-adjoint on any core of D. Next, since D 
has compact resolvent, for any AsC\R, 

(Dm - A)" 1 = (D - A)" 1 - (D M - X)~ 1 M(D - A)" 1 G JC(H), 

so that Dm too has compact resolvent. Finally, for any a £ A, since [D, a] £ B(H) 
and since M G B(U), 

[Dm, a] = [D,a] + [M.a] G B(U). 
Thus, (A,H, Dm) is indeed a spectral triple. □ 
A.l. Metric dimension. Let us now consider stability of metric dimension. 
Lemma A. 2. If (A,Ii,D) has metric dimension p, then so does (A,H, Dm)- 
Proof. By [BJ Lemma B.6], one has that 

' (D 2 + I)" 1 < (D 2 M + l)- 1 < /(||Af||)0D 2 + l)-\ 



f(\\M\ 



where f(x) := 1 + \x 2 + \x\Jx 1 + 4, so that by [3H Lemma on p. 270], if A„(C) de- 
notes the n-th eigenvalue of the positive compact operator C G B(H), in decreasing 
order, then 

' -\ k ((D 2 + l)- 1 ) < \ k ((D 2 M + l)- 1 ) < /(||M||)A fe ((^ 2 + l)- 1 ) 



/(l|M||) 

for all n £ N. Since \ k ((D 2 + l)" 1 ) = 0(k- 2 /P), it therefore follows that 

X k ((D M + l)- 1 ) = 0(k- 2 /P). 
Thus, (A 1 'H 1 Dm) has metric dimension p, as was claimed. □ 

A. 2. Finiteness. The following lemma will suffice to establish stability of finiteness 
in the proof of Corollary 12.191 and will also be necessary for our discussion below 
of [strong] regularity and absolute continuity; we shall follow the proof by Iochum 
Levy-Vassilevich. 
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Lemma A. 3 ([25J Lemma 2.3]). For k eff, let H k := DomD fe with the Sobolev 
inner product 

&r,) k --={D\D k ri) + {£,r,}, 
and similarly let H M :— Domi)', with the Sobolev inner product 



M.k 



(D k M tD k M n) + (^v) 



Suppose now that M restricts to an element of B(H k ) for each k G N. Then H k = 
H M for all k G N with equivalent norms, and thus, in particular, Dk^>omD k = 
n k BomD h M . 

Proof. Let us first prove equality of vector spaces. We proceed by induction on 
k. First, by the Kato-Rellich theorem [37l Theorem X.12], Dm is self-adjoint on 
Horn Dm = Dom_D and essentially self-adjoint on any core of D, so that the claim 
holds for k = 1 . Now, assume by induction that the claim holds for some m G N. 
Then, by the induction hypothesis and our restriction on M, 

DomL>™ +1 = {£ G Dom D M \ D M £, G Dom D M } 

= {£ G DornZ)™ | (D + M)^ G DomU" 1 } 

= {£ G Dom D m | D£ G DomD'™} 

= DomD m+1 , 

as required. 

Let us now prove equivalence of the Sobolev norms. Before continuing, we will 



find it convenient to replace 
where 



and 



'M.k 



with (•,•), and (-, -) M fe , respectively, 



&v) k :=((D + i) k t,(D + i) k V ) + {t,v), 
& V) M ,k ■■= (( D m + 0*6 (Dm + i) k v) + <£, V) ■ 

} k and (■, -) k define equivalent norms. On 



Indeed, let us show, for instance, that 
the one hand, for £ G H k , 



|0D + *) fe £| 



k 

E 

m=0 



i m D k ' m i 



< 



k 

El 

m=0 



D k-m^ 



, there exists some 



so that by continuity of the inclusions H k <-t H k m for the (■ 
C > 0, independent of £, such that 

||( J D + l )^|| 2 + ||e|| 2 <c(||^|| 2 + ||Cll 

On the other hand since the (•, -) k is also simply the fc-th Sobolev inner product for 
y/D 2 + 1, that the inclusions H k ^ H k ~ m are also continuous for the (•, -) n , and 
hence, since 



K(i?+i)-i) fc e| 



< 



EIK" 



+ i 



.k — m 



there exists some C", independent of £, such that 

|2 . ,,^,,2 



Thus, 



DH\\* + Uf<C'^\(D + i) k ($ + \\ 
) k and (•, do indeed define equivalent norms. 



en 
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Now, fix k E N, and consider the linear map B = (Dm ~ i) k (D — i) k on T-L; we 
claim that B is, in fact, bounded on H. First, one has that on Dom_D fe = Dom 

k 

(D M - i) k = ((D -i) + M) k = (D- i) k + £ T m , 

where for each m, T m is a product of k operators, each of which is either (D — i) 
or M. By our assumption on M, then, each T m therefore defines a continuous map 
Hk — > Hi, so that since (D — i) h : Hk — > % and (D — i)~ k : % — > Hk are continuous, 

k 

B = (D M - i) k (D - i)- k = id H + ]T T m (D - i) k 

m=l 

defines a bounded operator on Ti. Since B is bijective, it therefore follows by the 
bounded inverse theorem that B has a bounded inverse. Thus, for £ e DomD* ; = 
Dom D M , since (D M - i) k = B(D - i) k and (D - i) k = B~ 1 (D M - i) k , 

(^0 M ,k < maxjl, ||S|| 2 } (£,0 fc , (tOk < maxjl, p-^ 2 } (tO M ,k , 

which implies, by our earlier observation, that ||-|| fc and IHI^fc are equivalent, as 
required. □ 

A. 3. [Strong] Regularity. We shall now use Higson's characterisation of [strong] 
regularity, first to prove a corollary thereof that will allow us actually to apply 
Lemma I A. 3 1 in context, and then to prove a result on stability of [strong] regularity, 
due to Chakraborty and Mathai [7]. 

In order to state and use Higson's characterisation, we shall need the following 
definition due to Higson |24) : 

Definition A. 4. Suppose that each a 6 A maps H°° = (~] k DomD k to itself. The 
[extended] algebra of differential operators associated to (A,H,D) is the smallest 
algebra T> of linear operators on H 00 which contains A and [D, A] [and End^('H 00 )], 
and which is closed under the operator T i-> [D 2 , T] . The algebra T> is defined and 
filtered inductively as follows: 

(a) T>q is the algebra generated by A and [-0,^4.] [and End^('H 00 )]. 

(b) T>i = [D 2 ,V }+V [D 2 ,V Q ]. 

(c) V k = Y^ll /VA , + [D 2 , 2>k_i] + V [D 2 , 2> fc _i]. 

Moreover, we shall call (V,D) a differential pair if for every X 6 V of order < k, 
there exists some e > such that for all £ € H°°, \\D k ^\\ + ||£|| > e ||X£||. 

In the case of a spectral triple of the form (C°°(X),L 2 (X,H),D), where X 
is a compact orientable Riemannian manifold, H is a self-adjoint Clifford module 
bundle over X, and D is a symmetric Dirac-type operator on H, then T>, in either 
case, is indeed an algebra of differential operators on H; that (T>, D) is a differential 
pair follows from the Carding estimates of elliptic regularity theory [4T)l Chapter 
5]- 

Now we can give Higson's characterisation of [strong] regularity: 

Theorem A. 5 (Higson [24], Theorem 4.26]). Suppose that each a E A maps 
H°° = fit Dom to itself. Let D be the [extended] algebra of differential oper- 
ators associated to (A,H, D). Then (A,H,D) is [strongly] regular if and only if 
(T>, D) is a differential pair. 
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The above theorem was originally stated by Higson as a characterisation of reg- 
ularity, but his proof immediately applies to yield the analogous characterisation 
of strong regularity. 

Let us now turn to our corollary of Theorem IA.51 which will allow us to use 
Lemma IA.3I 

Corollary A. 6. Suppose that [A, "H, D) is [strongly] regular with [extended] algebra 
of differential operators T>, and that M £ T>q. Let H k := DomD k with the usual 
Sobolev inner product. Then for each k £ N, M restricts to a bounded operator on 
U k . 

Since (T>, D) is a differential pair by Theorem lA.51 this corollary is an immediate 
consequence of the following lemma of Higson's, proved by him in a more general 
context: 

Lemma A. 7 ([24, Lemma 4.7]). Suppose that each a £ A maps H°° — Ok DomD h 
to itself. Let T> be the [extended] algebra of differential operators associated to the 
spectral triple (A,rl, D). For each k £ NU {0}, let H k ■= DomD k with the Sobolev 
inner product. If (T>, D) is a differential pair, then for any X £ T>k, X extends to 
a bounded operator H k+m -> H m for allm£NU {0}. 

Finally, with Higson's characterisation of [strong] regularity and Lemma I A. 61 in 
place, we can finally state and prove our stability result for [strong] regularity: 

Lemma A. 8 ( 7 , Proposition 4.2]). Suppose that (A,T-l, D) is [strongly] regular with 
[extended] algebra of differential operators T> , and that M £ T>q. Suppose, moreover, 
that [D 2 M — D 2 ,T] £ T>k+i for T £ D^. Then (A,W, Dm) is also [strongly] regular. 

Proof of Lemma HOI First, by regularity of (A,%, D) and Lemma lAT3l (A, H, Dm) 
is such that each a £ A maps fife Dom D M — Ok DomD* = TL°° to itself. 

Now, let T>m be the [extended] algebra of differential operators for (A,H, Dm)- 
Then, by our hypothesis on D 2 M — D 2 , there is a filtered inclusion T>m C T> of [ex- 
tended] algebras of differential operators, so that by [strong] regularity of (A, H, D) 
and Theorem IA.51 T>m satisfies the basic estimate for D. Fix X £ T>m of order 
< k, so that there exists some e > such that for all £ £ T-L°° := n TO DornD™ = 
n m DomL> M , 

ll^ell + neii >eira. 

However, since T)ovaD k = DomD^ with equivalent Sobolev norms by Lemmas IA.6I 
and lA.31 it follows that that D k is bounded as an operator from Dom_D| f endowed 
with the Sobolev fc-norm for Dm, to rt, implying that ||L )fc C|| _• a \\Dm€\\ + P IICII 
for some a, /3 > independent of ^, and hence that 

II^UII + lien >e'm\\ 

for some e' > independent of ^. Thus, (T>m,Dm) is a differential pair, so that by 
Theorem IA.51 (A,H, Dm) is indeed [strongly] regular. □ 

Remark A. 9. If M is an inner fluctuation of the metric, that is, if 

n 

M = J2<D,b i \ 
i=i 

for some a», hi £ A, then the condition that [D 2 M — D 2 ,T] £ T>k+i for T £ T>k is 
automatically satisfied. 
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A. 4. Absolute continuity. Finally, we consider stability of absolute continuity. 



Lemma A. 10. If (A,H,D) is strongly regular and of metric dimension p, and 
if M C End^(-H°°) for W° = n fc DomT> fc , then for all T e B(U), -§T\D\~ P = 
jT\D M \- p . 

Before continuing to the proof, we will need the following lemma, which will 
allow us to use (D 2 + 1)~p' 2 and (D 2 M + 1)~pI 2 instead of \D\~ P and \D M \~ P , 
respectively, making calculations easier in the case that D or Dm is not invertible. 

Lemma A. 11. Let T is a positive operator on % with compact resolvent, and let 
Hk denote the k-th eigenvalue of T in increasing order, counted with multiplicity. 
Suppose that p, k = 0{k 2 'P) as k -> +oo for some peN. Then T~pI 2 - (T+1)-p/ 2 
is trace-class. 

Proof. First, observe that T~ p l 2 — (T + \)~ p l 2 has eigenvalues 

_ [-{jik + l)~ p/2 if k < dimkerT, 

k ~ [Hk P/2 - (MA + l)~ p/2 if k > dimkerT, 
counted with multiplicity. Then for k 3> dimkerT, so that Afc > and fif. > 1, 

x k 1 



rfj* + l)P/2 

y>P-l (P\,,m 
Z^ro=0 \m)fzh 

^ /2 ( Mfe + l)^(^ /2 + (^ + l)P/2) 



< 



(p+2)/2 



as fc 



= 0(fc -(l+2/ P ) ) 

+oo. Hence, T~ p / 2 — (T + l) _p ' 2 is trace-class, as was claimed. 



□ 



In what follows, let C 1+ {T-L) denote the Dixmier trace-class ideal of B(H), and 
let C k {H) denote the k-ih Schatten ideal of B(H); for further background, see [23j 
Chapter 7]. 



Proof of Lemma \A.1(A Let 




if p is even, 
£±! ifpisodd, 



First, we have that 

(D 2 M + 1)-" - (D 2 + 1)-" 
= (T> 2 + 1)-" ({D 2 + 1)" - (TJ 2 , 

(n 2i-l 
]T]T { n \D^MD 21 
i=0 j=0 



2p 
n 



if p is even, 
if p is odd. 



n 2i— 1 

EE 

i=0 j=0 



(D 2 



D(D 




2»-l-3 



1) 



— 71+2- 
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which, by Corollary I A . 61 and Lemma [A.3I can be checked on the common core H c 
of D and Dm- 

Now, consider the term 



(D 2 + 1)-™+* D(D Z + 1) 



M 



2t-l-j 



(Dm + 1) 



-n-\-i- 



D M (D 2 M + 

where < i < n and < J < 2i — 1. Since (.4., Ti, D) is of metric dimension p, so 
too is (A, H, D M ) by Lemma lA. 21 so that 

(D 2 + iyp/ 2 , (D 2 M + 1)-p/ 2 e 

and hence, for all e > 0, 

(D 2 + {D 2 M + I)- 1 e C an+€ (H). 

Setting e = a(n — i + i), we therefore find that 

(D 2 + l)~ n+ i e£ r {H), 



D{D 2 + l)-i M D M {D 2 M + l)—i 



(D 2 M + 1) 



e £ S (H) 



for 



an + e an + e 

r = -, s 



n — i + 



i+i ' 



which satisfy r + s = a . Hence, by Holder's inequality for Schatten norms, 



(£> 2 +l)-«+2 D(D 2 + l)-2 M D M (D 2 M + l)-2 



21 1 ' (^+1)-^-^ e£ Q (H); 



since this is true for all i and j, it therefore follows that {D 2 M + l)~ n — (D 2 + 1)~" g 
£ a (H). If p is even, then a = 1 and (-D«^ + l) -n — (£> 2 + l) -n is already trace-class; 
if p is odd, then since 

(D 2 M + l)-p/ 2a - (D 2 + iyp/ 2a = (D 2 f + _ (D 2 + e 
for < a < 1, we can apply the BKS inequality [3J Thm. 1] to 
(D 2 M + \yp/ 2a - (D 2 + \)-p/ 2a ° e £ l (H) 

to conclude that (D 2 M + l)~ p / 2 — (D 2 + l)~ p / 2 is indeed trace-class. Either way, 
from these calculations and Lemma [A. Ill it therefore follows that \Dm\~ p — \D\~ P 
is trace-class, yielding the desired result. □ 
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